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Abstract 

For 1 < p < cxo let be the norm closure of the algebra generated by 
Toeplitz operators with bounded symbols acting on the standard weighted 
Fock space F^. In this paper, we will show that an operator A is compact 
on if and only if A G Tp and the Berezin transform Ba{A) of A vanishes 
at infinity. 
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1. Introduction and preliminaries 

For any a > 0, consider the Gaussian measure 



I i2 

dfiaiz) := j e"°l^l dv{z), 



where dv denotes the usual Lebesgue measure on C" = M^". Let 1 < p < oo, 
and write L^, for the space of (equivalence classes) of measurable complex 
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valued function / on such that 



a,p •" 



2^ 



-a|2|2/2 



dv{z) 



i/p 



< oo. 



If 'H(C") denotes the space of all entire functions on C", then the Fock space 
is the Banach space defined by := T-L{C"') fl with the norm || ■ ||q,^p 
(cf. Recall that F^ is a Hilbert space with the natural inner product 

(•,•)„ induced by (1.1) and is sometimes called the Segal-Bargmann space, 
cf. In the case of p = oo, we define the Banach space F^ by 



:= ^ / G H(n : ||/|U,oo := ll/e-^l'I'lloo < oo 



Let Pa be the orthogonal projection from onto given by 



Pafiz) 



It is well known [17| that as an integral operator. Pa is a bounded projection 
from onto F^ for all 1 < p < oo. If G L°°, then we can define the 
bounded Toeplitz operator T° on F^ by the formula 



rpa 

9 



where Mg is "multiplication by g." 
Now let 



PaMg 



be the reproducing kernel of F^ and let fc" be the corresponding normalized 
reproducing kernel given by 



^a(wz)-^\z\^ 



Given any bounded operator A on for 1 < p < oo, let Ba{A) be the 
Berezin transform of A defined by 



Ba{A){z) = {Ak:X)c 



:i.2) 



Since ||fc"||Q,,p = 1 for all z G C" and 1 < p < oo, it is easy to see Ba{A) is 
well defined and in fact bounded. Furthermore, it is well known and easy to 
show that the map A i— )■ Ba{A) is one-to-one if A is bounded on F^ (see [lO|, 
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p. 42 for a proof of the special case a = 1 and p = 2 that easily extends to 
general case a > and 1 < p < oo.) Moreover, for a "nice enough" function 
/ (for example, / G L°°), we define the Berezin transform of / to be 



'a 



Note that an easy application of Fubini's theorem gives us that Ba{Tj) = 
Ba{f). Also note that when / is positive and measurable, we can define the 
(possibility infinite) function Ba{f) without any other assumptions on /. 

Information regarding the operator A can be often described in terms of 
properties of the function Ba{A), and this point of view has been especially 
successful when dealing with the boundedness, compactness, and Schatten 
class membership of A. Note that lim /c" = weakly on if 1 < p < oo, so 

that Ba{A) vanishes at infinity if A is compact. Unfortunately, the converse 
in general is not true for bounded operators on the Fock space F^, and is even 
not true for certain Toeplitz operators on (see [4] for examples on Fj). 
However, it was proven in [8] that A is compact on Fj if and only if Ba{A) 
vanishes at infinity when A is in the algebra generated by {Tj? : / G 
(that is, A is the finite sum of finite products of Toeplitz operators T" with 



bounded symbols /.) Moreover, it was proved in |21| that if 1 < p < oo 
and A is any bounded operator on the standard unweighted Bergman space 
L^(B„, dv) of the unit ball B„, then A is compact if and only if A is in the norm 
closure of the algebra generated by Toeplitz operators with bounded symbols 
and the Berezin transform B{A) of A associated to L^(Bn,(if) vanishes on 



the boundary (9B„ (see also [19| where the results of |21| are extended to the 
weighted Bergman space L^(B„, dv^) with standard weights dv^^ for 7 > —1.) 

In this paper, we will show that this result also holds for the Fock space 
F^ when 1 < p < 00. In particular, if is the norm closure of the algebra 
generated by Toehtz operators with bounded symbols acting on F^, then we 
will prove the following, which is the main result of this paper: 

Theorem 1.1. If 1 < p < 00 and A is a bounded operator on F^, then A is 
compact if and only if A ^ and Ba{A) vanishes at infinity. 



Moreover, in Section 3, we will show that is in fact the closed algebra 
generated by Toeplitz operators T" where z/ is a complex Borel measure on 
such that the total variation measure \v\ is Fock-Carleson, which greatly 
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widens the scope of Theorem 1.1 (see Section 2 for a discussion of Fock- 
Carleson measures and Toephtz operators with measure symbols.) Note that 
a version of this result was proven in j2l| for the unweighted Bergman space 



of the ball and was proven in [19[ for the weighted Bergman space of the 
ball. The basic strategy used to prove Theorem 1.1 is similar to the strategy 
used in 2l| to prove the corresponding result for the Bergman space, and in 
particular relies on obtaining quantitative estimates for the essential norm 
II A lie of operators A e for 1 < p < oo. However, the details of the proofs 
involved in implementing this strategy will often be considerably different 



than details found in [21[ . Note that this is often the case when one is trying 
to prove a result for the Fock space that is already known to be true for the 
Bergman space (see 0, Isf for example). 

We now give a short outline of the rest of the paper. Sections 2 — 5 will 
consist of preliminary lemmas that will be used to prove Theorem 1.1 and 
Section 6 will contain a proof of Theorem 1.1. More specifically. Section 2 
will discuss Fock-Carleson measures and prove an important lemma (Lemma 
2.6) that will be used in Section 3. Section 3 will discuss various approxima- 
tion results that will be needed to prove Theorem 1.1. Section 4 will prove 
two important lemmas (Lemmas 4.1 and 4.3) related to sampling and inter- 
polation in Fock spaces. Section 5 will introduce a useful uniform algebra 
A and will extend the Berezin transform and other related objects that are 
defined on C" to the maximal ideal space of A. Section 6 will tie all 
these ideas and results together to prove Theorem 1.1, and finally in Section 
7 we will discuss improvements to our results when p = 2 that are similar to 



the ones in |21|, and we will briefly discuss some open problems. 

We will close this introduction with a short comment about the proof 
of Theorem 1.1 and Section 6. Since {F^)* = under the natural pairing 
induced by F^ and since A G if and only if A* G 7^" where q is the dual 
exponent of p, it is easy to see that we only need to prove Theorem 1.1 for 
2 < p < CO. More generally, ii A E T^, then it will be seen later (using the 
two above mentioned facts) that many of the necessary estimates for ||A||e 
when A G 7^" only need to be obtained for the case 2 < p < oo. This 
simple observation will be crucial to the proof of Theorem 1.1 since many 
of the needed preliminary estimates are only directly obtainable for p = 2 
and (in much weaker form) for p = oo, and will subsequently follow for all 
2 < p < oo either by duality or by complex interpolation. Along these lines, 
we will often use the following consequence of complex interpolation in Fock 



spaces (see |l7|) 
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Lemma 1.2. Let 2 < p < oo. If A is an operator A: F'^ + L\ + 

such that A maps to houndedly and maps F^ to L"^ houndedly, then 
A : F^ ^ L^^ houndedly. More precisely, we have that 

2 -|^_ 2 

\\A\\pv^L^^ < \\A\\^p2_,L^J\A\\j,J^^^. 



2. Fock-Carleson measures and related operators 



Let 1 < p < oo. A positive Borel measure u on will be called a 
Fock-Carleson measure if 



/We 



-a\z\^/2 



dHz)<c\\f\\i^ 



for all f E F^ with C independent of /. In this case, define the Toeplitz 
operator : F^ ^ F^ by 



T:f{z) 



/(w)e"(""")-"l"'l'dz/(u;) 



For any r > 0, and z G C", let B{z, r) be a Euclidean ball centered at z with 
radius r. If z/ is a Fock-Carleson measure, then we let be the canonical 
imbedding from into L^ldu) where L^ldu) is the space of u measurable 
functions / where 



-a|zp/2 



du^z) < oo. 



It turns out that the property of u being a Fock-Carleson measure is inde- 
pendent of both p and a, as the following result in ij] shows: 

Lemma 2.1. For any 1 < p < oo and any a,r > 0, the following quantities 
are equivalent, where the constants of equivalence only depend on p,n,a and 
r: 



sup e "^^^ dv{w) 
zeC" 



(c) snp iy{B{z,r)), 

(d) llT'^IIpp pp. 
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Before we state and prove the main result of this section (Lemma 2.6), 
we will need some preliminary results related to Fock-Carleson measures. 
Throughout the paper, we will let C denote a constant that might change 
from estimate to estimate, or even from line to line in a single estimate. We 
will indicate the parameters that C depends on only when it is important to 
do so. 

Lemma 2.2. If v is a Fock-Carleson measure and F G C"' is compact, then 
there exists C > independent of /, F, and v such that 



where xf is the characteristic function of F. 

Proof. Let g G F^ with ||5'||a,2 = 1- Using Fubini's theorem and the fact that 
u is a Fock-Carleson measure, we have that 



TT 



XF{z)f{z)giz)e'^\^\"duiz) 



□ 



Lemma 2.3. For any a > and s real, we have that 



s{z-w) I 



Proof. See 



□ 



Lemma 2.4. For any r,a,p > 0, any z G C", and any entire f , there exists 
C independent of f and z where 



< C 



B{z,r) 



dv{w). 



Proof. See [16 



□ 



For the rest of the paper, we will canonically treat Z^" as a lattice in C". 
The following is the main technical result that is needed to prove the Lemma 
2.6. 
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Lemma 2.5. Let u be a Fock-Carleson measure and let Fj, Kj C C" be Borel 
sets where {Fj} are pairwise disjoint and d{Fj, Kj) > 5 >1 for each j. Then 

Jen . 

where o{5) only depends on S (and a,n) and lim o{S) — 0. 
Proof. Clearly Kj C C"\i?(2;, 5) if z E Fj, which means that 
^Xf^{z)xk^{w) < ^Xf^{z)xc^\b{z,5){'^)- 

3 3 

Thus, 

/ $][XF,Wxx,H]|e"(^-^)|e-tlH^cii.H (2.1) 
Jc« j 

j ' Jc"\B{z,S) 
3 

where 

JB{z,sy 

and B{z,5y = C^\B{z,5). We will now estimate using Lemma 2.1 and 
Lemma 2.4 with respect to the entire function w i->- e"^"''^^ : 
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1 (2n)-i/2z2» -^^(^-to) 



• 10 ^ 

Bia,^)nB{z,Sr^9 



1 .o„^-l/2^2n -^s(^-to) •>'b(«'>4t) 



o-Gjij(2n)-l/2z2" 



' 10 /r/-_ 1 \ 

s((T,^)ns(^,5)V0 

^g_l_(2„)-l/2z2" -^^('^'D 

i?(ai)nB{2,5)V0 
Since 5 > 1 we have that 

and since there exists M > such that every z E belongs to at most M 
of the sets B{a, i), we get that 



Jc«\B(;2,f) 



'C"\B(0,|) 

ic"\B(0,|) 

Finally, since the sets Fj are pairwise disjoint, we get that 

j 

< C||i/||.etl^l'o((^) 

where 



o{S) := / e-^^''^' dv{u). 

ic"\B(04) 



□ 
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Lemma 2.6. Suppose that v is a Fock-Carleson measure and that Fj,Kj C 
C". Moreover, assume that Uj G L°°{dv) and bj e L°°{dv) both with norms 
< 1, and assume that 

(a) d{Fj,Kj) >5>l, 

(b) suppoj C Fj and supp bj C Kj, 

(c) every z & belongs to at most N of the sets Fj. 

Then for 2 < p < oo, we have that Ma^T^M^^ is bounded from F^ to 
and 

\\J2M,T^M,^yr^r.l < N\\iy\Uo{6) (2.2) 
j 

where o{6) only depends on 5 (and p,a,n) and limo(5) = 0. Moreover, for 

S—^oo 

every f E F^ with norm 1, we have that 

E \\Ma,VM,jr^^^ < NWurASf. (2.3) 

i 

Proof. We will first prove the lemma for the special case = 1. Note that 



e 



<El«^(^)l / l^'.(^)ll/(^)|e-^l"'''e-tl^-l^dK^) 

< ll'^IMI/IU.oo- 

Thus, by Lemma L2, the lemma will be proved for the special case = 1 
if we can show that (2.2) holds (which is equivalent to (2.3) when N = 1) 
when p — 2. 

Moreover, by Lemma 2.1, it is enough to prove that 

II Ma^T^M,^ \\LUd^)^Ll < \W\\loi6) (2.2') 

3 

and 

Y \\MaT^M,J\\l, < \\u\Uo{5f (2.3') 
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for every / G L^((iz/) of norm < 1. 
Let 



w) I 



so that 

< / ^{z,w)\f{w)\e-''\'"\^ dv{w). 
Jc" 

If h{z) = e?'^'^, then Lemma 2.5 tells us that 

<^iz,w)h{wYe-''^'"^' du{w) < o{5)\\u\\,h{zf. 
Moreover, Lemma 2.3 tells us that 

$(2, w)h{zfdixa{z) <C [ |e"("-^) |e-^l"l' dv{z) = Ch{wf . 



The Schur test now proves (2.2'), (2.3'), and consequently proves the lemma 
for the special case N = 1. 

As in 2l|, the general case > 1 follows easily from the special case 



when = 1 by writing {Fj} as the union of the family of sets {A*},^;^ 
where A (2;) = {j : z G -Fj}, ordered in the natural way, and A^- = {2; G 
Fj : j is the fi^ element of A(2;)} (where A* := if i > card A(2;)) so that 
A) n = for any j ^ k. 

□ 



3. Approximation results for Fock space operators 

In this section, we will prove various approximation results that will be 
needed for the proof of Theorem 1.1. The first such result. Lemma 3.3, 
will allow us to approximate operators of the form ST^ by simple sums of 
"truncations" of ST", where here 5* G and z/ is a Fock-Carleson measure. 
For convenience, we will use the canonical identification C" = M^" and we 
will use the norm \z\ao = max{|2i|, . . . , |22n|}- For some 5 > 0, enumerate 
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the disjoint family of sets {[—S, 5)^" + o'}ae25Z'^" {Bj}'^i and let Qsi^j) — 
{z G C" : distoo(-2, -Bj) < 6} where distoo(-2, -Bj) is the distance between z 
and Bj in the | • |oo norm. The following result follows easily from the above 
definitions: 

Lemma 3.1. For any S > 0, the Borel sets Bj C C"^ above satisfy the followig 
conditions: 

(a) BjDBk^fDifj^k, 

(b) Every 2; e C" belongs to at most 4^" of the sets D,s{Bj), 

(c) diam(Sj) < 2Sy/2n where diam(Sj) is the Euclidean diameter of 

Now let 5 > and A; be a non-negative integer. Let {Bjj'jLi be a covering 
of C" satisfying the conditions of the above lemma for {k + l)5 instead of S. 
For 1 <i < k and j > 1, write 

Foj = Bj, and F^+ij = e : distoo(2;, Fij) < 6}. 

The next result is now easy to prove. 

Lemma 3.2. Let 5 > and k be a non-negative integer. For each 1 < i < 
k-\- 1 the family JF'^ — {Fjj : j > 1} forms a covering of C"' such that 

(a) Fo,,, n Fo,,, = ifji^32, 

{h) Foj C Fij C ■ ■ ■ C Fk+ij for all j>l, 

(c) distoo(-fij, F[_^-^^j) > 6 for all < i < k and j > 1, 

(d) Every point belongs to at most 4^" elements of J-'\ 

(e) diam(Fij) < 5{3k + l)-\/2n for each i and j. 

Lemma 3.3. Let 2 < p < 00, S E 7^", u be a Fock-Carleson measure, and 
let e > 0. Then there are Borel sets Fj C Gj C C" with j > 1 such that: 

(a) C- = [J^^,F„ 

{b) FjnFk = %ifj^k, 

(c) each point of C" belongs to at most 4^" of the sets Gj, 
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(d) diamCj < d = d{S, e) and 



Proof. The proof is a combination of Lemmas 2.6 and 3.2 and Lemmas 4.1 



and 4.2 of [21[, and is identical to the proof of Theorem 4.3 in [21|. In 
particular, Fj := Fqj and Gj := F^+ij where {Fij} are the sets that come 
from Lemma 3.2 with 6 = 6{S, e) set large enough to invoke the conclusion 
of Lemma 2.6. □ 

We will now show that a Toeplitz operator T" where the total variation 
measure |z/| of is Fock-Carleson measure can be approximated in the F^ 
operator norm for any 1 < p < oo by Toeplitz operators with / G C^, 
where as stated in the introduction, is the space of C valued smooth 
functions where / and all of its derivatives are bounded. In particular, this 
will imply that 7^" for any 1 < p < cx3 is the closed algebra generated by 
{T° : is Fock-Carleson}. First, however, we will need some preliminary 
definitions and results. 

If is a complex Borel measure on C" where |z/| is Fock-Carleson, then 
define the "heat transform" z/'-*-' of u at "time" t > to be 

1 f |™-zp 

z7^*Hz) := — / e~"^^^ dviw). 



If / is a function on such that / dv is Fock-Carleson, then define Z^*-* : 
where dv := / dv. A simple computation using Lemma 2.1, Fubini's theorem, 
and the reproducing property gives us that 

s„(r„<-) = Q" 

Similarly, one can easily show that the semi-group property 

holds for s,t > 0. Since Lemma 2.1 says that \v\ is bounded for all t > 0, 
it follows easily from the semi-group property that z/^*-* is smooth and all of 
its derivatives are bounded. 
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Now for any 2; G and any complex Borel measure u, let z/^ be the 
complex Borel measure defined by VziE) := ^{z — E) for any Borel set 
^ C C". Note that 



f{z — w) du{w) 



f{w) duz{w) 



for any z E and / where f{z — ■) E L (C", du). 

Lemma 3.4. If u is a complex Borel measure such that is Fock-Carleson 
and := v^p' dv — V , then 



lim sup \\Ba{T, 







/3-i>00 ^gCn 

Proof. From the discussion above, it is enough to show that 



lim sup \\{vp] 

/3-i>00 ^gCn 



z 00 



0. 



To that end, let Gz '■= {^z) " and note that Lemma 2.1 gives us that 
sup^gc" II II 00 < C for some C > 0. Also note that 

{yp)z = {yz)p 

for any 2; G C" and /3 > 0. 

Using the semi-group property and the above equality, we have that for 

wEC 



Gz{u) 



'(get) / 

2f3a 



(3 + 8a 



< 



\Gz 



IT'' 



2(3a \" 2;9c. I,. 12 



dv{u) 



13 + 8a 



dv{u). 



The result now follows immediately by an application of the dominated con- 
vergence theorem. 

□ 

The proof of the following lemma is a slight variation of the proof of 
Lemma 3.4 in 20 . 
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Lemma 3.5. If v is a complex Borel measure such that \v\ is Fock-Carleson 
then 

lim sup|T(" )^1H| = 
where the convergence is pointwise for any w & C". 

Proof. First note that Lemma 2.1 and the semi- group property tells us that 
T^"^)^ is uniformly bounded in the norm with respect to both /3 and 
z e C". Thus, by the reproducing property and an easy approximation 
argument, it is enough to show that 

lim sup |(T(« )^1,M^')«| =0 

for each fixed multiindex k eNq. 

To that end, writing k'^{u) = e~tl"'l '^^(^'y\)~^a^"'^u'^Tir and plugging this 
into the definition of the Berezin transform, we have that 

7,7' ' ■ 

Then for any fixed multiindex k and any < r < 1 we have 

JB{0,r) 

q,|7|q,|7'I , r , , 



7,7 



I (n + |fc|)! ^^('^z')^^' + (n + |A: + 7|)!7! ^ ^'^^^^ ' 
Since is uniformly bounded in the operator norm, we have 



CXD 

2|7l 
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for some C > independent of z and ^. Lemma 3.4 then gives us that 

oo 
|7|=1 

and letting r — > 0+ completes the proof. 

□ 

Lemma 3.6. Ijv is a complex Borel measure where \u\ is Fock-Carleson and 
is defined as in Lemma 3.4, then there exists C > independent of (3 such 
that 

Proof. Note that Lemma 2.1 says that 

\\H'^p)MF^-^Ll{du) < C 

for some C independent of /3 and z e where is the canonical imbedding 
from into Ll^{dvz). Thus, there exists C > independent of 2; e C" such 
that 

|T,"l(w)| < f-V / |e"(^-")|e-"l"l'(it/,(M) 
where the last equality comes from Lemma 2.3. 

□ 

Finally, we can now prove 

Theorem 3.7. If u is a complex Borel measure where \u\ is Fock-Carleson 
and 1 < p < 00, then 

lim II f-yT"i. = 0. 

In particular, for any 1 < p < 00 is the closed algebra generated by 
{T" : l^l is Fock-Carleson}. 



lim sup sup 



sup 



rpa 



Uw] 
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Proof. As before, let = v'^f^^ dv — so that 



A direct calculation shows that 



vr \ " 



Thus, by an easy duality argument and Lemma 1.2, it is enough to prove the 
theorem for p = 2. 

To that end, we will proceed in a manner that is similar to the proof of 
Theorem 1 in |6|. First note that 

Ij{w) (t;K°(-,«)) {w)e--\-Uv{u) 



which means that is an integral operator on with kernel [T^^K^i^-, u) ) {w) 
We will now use the Schur test to complete the proof. 



. By a simple 



Let h{w) := efl'"!' and let ^piu.w) := (t;^^K'^{-,u)^ (w) 
change of variables we have that 

<l>^(«,^) = |e"(-^)||T(:^)^l(«-«;)| 

so that 

<^fiiu,w)h{ufe-''^''^' dviu) = [ |e"("'-")||r('^^)J(M-w)|e-tl"l'di;(M 



e 



L,.|2 

62 



where C > comes from Lemma 3.6. Thus, we have that 

^p{u,w)h{ufe-''\''\^dv{u) <Ch{wf 
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for some C > independent of w and (3. 

Furthermore, an application of the Cauchy-Schwarz inequahty gives us 
that 

$^(w,M)/i(M)'e-"l"l'di;(M) 



1 , , 1 

/ / - . ..r> 4,a \ . [9. . . \ 

< 



^ 4a, I, ,12, o^/'^„_oA.T77\ , _^,L„_«,|2 ^ ^ 



By a simple computation, we have that 



However, Lemmas 3.5 and 3.6 give us that 

hm sup |T(" )^1(«)|2 = 

point wise in u and 

|T(:,)„lHre-^H^<Ce-!tH^ 

for some C > independent of /3. Thus, the dominated convergence theorem 
gives us that 

<^p{w, u)h{uy e-"l"l' dv{u) < c{P)h{wy 



where c(/3) is independent of w and lim^_^oo c(/3) = 0. An apphcation of the 
Schur test now completes the proof. 

□ 

Next we will show that all compact operators A on for 1 < p < oo are 
contained in the Toeplitz algebra T^. Note that this was first proved in 
(using completely different methods) for the special case p = 2 and a = |. 
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For any f ^ and g & where q is the dual exponent of p, let f ® g be 
the standard tensor product operator on F'p defined by 

f ®g = {■,9)af- 



Since all spaces have the bounded approximation property (see 22], p. 
69-70), this will be proved (by linearity) if we can show that each finite 
rank operator f ® g on F^ can be approximated in the operator norm by a 
Toeplitz operator with symbol in . First we will show that 1 (g) 1 can be 
approximated in the operator norm by a Toeplitz operator with symbol in 
C^. 

Lemma 3.8. Let /3 > and let 1 < p < oo. // 



then 



lim ||T" - 1 ® lll^p^^p = 0. 



Proof. Note that {l^l)h = T^^h = h{0) ii h G F^ where 6q is the usual point- 

' ~(— ) 

mass measure at G C". Also, note that by defintion we have 6o = 

for each /3 > 0. The result now immediately follows from Theorem 3.7 since 

6q is a Fock-Carleson measure. □ 

Given w e C", define the "weighted shift" operator Ca{w) on by 
[C^{w)f] (z) :=/(;^-w;)e°(^-^)-tl"'^ 

It is known (see [13]) that Ca{w) is an isometry of F^ (and L^,) onto itself 
for 1 < p < oo, and it is easy to check that Ca{w)~^ = Ca{—w). Moreover, 
for Wi,W2 G C", one has that 

Caiw,)C^iw2) = e-^"i-('"i-^)C„(w;i + ^2). 

Note that the operators Ca{w) are in fact Toeplitz operators with bounded 
symbols. To see this, if Sw{z) := exp{|]w]^ + 2ia lm{z ■ W)}, then we have 



18 



that 



u 



= f{u — w)Ka{u — w, w)e^'"''^ 
= 'Caiw)f]iu) 

for all f eFPn Fj, which shows that = C^iw) on Fp. 

Since CQ,(f )T^"^._^^ can be written as the Toeplitz product T"JT^^f^_^-^, it 
can be shown that Ca(f )T^"(._„) = Tj? where := tla ?/3(- — m) and the 
"product" jja is defined by 

for suitable smooth functions -ip and on C" (see [3] for more details.) Using 
this formula, one can directly compute that 



exp l^l'^P + — u) ■ V + 2ia lm{z ■ v) — (3\z — |. 



Note that one could also directly verify the equality Ca(f )T^" = Tj? 
where is defined as above by comparing the Berezin transforms of both 
sides. 

Using these shift operators and their properties, we can now prove 

Theorem 3.9. If I < p < oo, f E PP, and g e F^, then f ®g eT^. 

Proof. Since span{i^'(-, ti?) : w G C"} is dense in F'p, it is enough to show 
that each K{-, v) ® K{-, w) is in T^. Furthermore, if g E Fp, then 

Co^iv) (1 ® l)C^i-w)g = {C^{-w)g, 1)^ C^{v)l 

= ((7,C„Hl),C„(t;)l 
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Thus, we only need to show that operators of the form Ca{v)(^l (g) 1)Cq(— w) 
can be approximated by Toephtz operators with symbols in C^. 
Moreover, since 

C„(t;)r;C„(-«;) = C^iv)C^{-w)CMT^,C^i-w) 

we can write Ca{v)T^^Ca{—w) as a single Toeplitz operator T^^ with symbol 
(depending on v and w) J^j3 G . Finally, this fact tells us that 



lim 

/3— j-oo 



"CMT^,C^{-W) - ® l)C^{-w) 



lim 



^ a a 



< lim 

/3— >-oo 

= 



'9/3 



□ 



where the last equality follows from Lemma 3.8. 

4. Sampling and interpolation results for the Fock space 

The proofs of the following two lemmas (Lemmas 4.1 and 4.3) borrow 
deep ideas from the theory of sampling and interpolation in Fock spaces. In 
par ticular, the proof of Lemma 4.1 is similar to the proof of Theorem 5.1 in 
[l8|. On the other hand. Lemma 4.3 is a "folklore" result in sampling theory 
and follows from the machinery developed in jll[ for abstract coorbit spaces. 
However, since Lemma 4.3 is not explicitly stated in Uj, we will provide a 
short and direct proof. 

Before we state and prove Lemma 4.1, we need to briefly discuss the 
pseudo- hyperbolic metric p on B^. Given any z G B„, let (pz be the involutive 
automorphism of B„ that interchanges and z. The pseudo-hyperbolic metric 
p on B„ is then defined by the formula 

p{z,w) = \(j)z{w)\. 

It is well known (see that p is indeed a metric on B„ and that p satisfies 
the identity 

l-{p{z,w)f 



(1- 


z 




w 






1 


— z -W 
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Lemma 4.1. Suppose that 1 < p < 2, r > 1, and Wk G 5(0, r) for k = 
1, . . . , m are points where \wk — Wj\ > e > if j ^ k. Then for any 1 < k^ < 
m, there exists gk^ G and a constant C = C(e,r) > (which is assumed 
to also depend on n, a, and p, but does not depend on the sequence {wk}k 
itself ) such that 

9ko{wk) = Sko,k and ||5'fcolU,p < C. 

Remark. Since we require that C = C{e, r) does not depend on the actual se- 
quence {wk}k itself, Lemma 4.1 does not immediately follow from the results 
in fir 



Proof. First note that ifl<p<2,a;>0, and g & L^, then a direct 
application of Holder's inequality tells us that 11(7110,^ < C*q,^q,/||5'||q,/_2 for any 
< a' < a. Thus, it is enough to prove the lemma for p = 2 and arbitrary 
a > 0. For the rest of the proof, C will denote a positive constant that may 
depend on e,r,n,p and a, but not on the actual sequence {wk}k itself. Now 
if \wk — Wj\ > e when j k, then clearly {B{wk, ^)}k is a pairwise disjoint 
sequence of balls with 

]jB{wk,^)cB{0,r+'- 



which means that 



'2r 

m < ( — + 1 1 =: Mr. 



Thus, since 



¥11 



\Wj - Wk\ 



> 



k J. J. r + e \r + e 



Mr,e-1 



for A; < m, it follows from the discussion preceeding the statement of Lemma 
4.1 that 

k Ly \r + er + e ' 

j^k 
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for k < m. Now, it is easy to construct a bounded function ip^g that is 
holomorphic on B{0,r + e) with 



^koiwk) = ko,k and sup \'^ko{z)\ < C. 

zeB{0,r+e) 



In particular, let 



and set ifkoiz) := (^). 

Let C^(C") denote the space of all smooth, compactly supported complex 
valued functions on C". Pick any 77 e C^{C") where 

77 = 1 on S (^0, and ?7 = on C'XB (o, . 

If we define G C~(C") by 

m 
k=l 

then -0 satisfies 



= 1 on U 5 (w;^, and ^ = on C"\ |J B [Wk,j] • 

k=l k=l ^ ^ 

If we extend fkoi^) to \z\ > r + e by setting <^ko{^) = for \z\ > r + e and 
let Fl^{z) = i(j{z)(pko{z), then e C;?°(C") satisfies 

(i) = 5ko,k, 

(ii) \\Fko\\Loo < C, 

{in) dFko is supported on ljr=i B{wk, e)\B{wk, f ), 
(iv) Fko is supported on UfcLi 
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Now for large R> r, let v{z) be the negative function 







2 




2" 


log 


Z - Wk 


+ 1- 


Z - Wk 








R 


R 





v{z) := n 

k:\z—wi^\<R 

It is easy to see that (j){z) := v{z) + f is plurisubharmonic for R large 
enough (depending on e and r), and so Hormander's Theorem (Theorem 
4.4.2 in 13[) gives us a (distributional) solution u G Lf^^{C"') to the equation 
du = dFko where 



\u{z)\\l + \z\Y^e-^^'^ dv{z) < I \u{z)Wl + \z\Y^e-^^"^dv{z) 

< I \dFl^{z)\^e-'^^'^dv{z). (4.1) 



However, since 



[z) -log|2;- Wfc 



2n 



a . 



< C when \z — Wk\ < 



we get that \(t){z)\ < C for all z G [J^^^B{wk,^)\B{wk, f). Moreover, since 
OF^Q is supported on \J^^^B{wk,()\B{wk^ |), we get from (4.1) that 



|n(z)| V"l^l' dv{z) < C / |n(z)|2(l + l^^-^e-f 1^1' dv{z) 



<C / |9Ffc„(z)|V*(^)rft;(^) 



dFko{z 



< C sup 

^Gur=iS(«'ft-^)\s{«'fe,f) 

< c 



(4.2) 



where the last inequality follows from the product rule combined with the 
Cauchy estimates applied to 

Now note that if F^^ := u — F^q, then F^g is entire, so that u G C°°(C"') 
and ||FfcolU,2 < C. Finally, (4.2) and the fact that e'^^^) ^ \z - for 
z near Wk tells us that u{wk) = 0, so that Fk^^iwk) = Sk^^k, which completes 
the proof. 

□ 
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We need to set up some simple notation and machinery before we state 
and prove Lemma 4.3. Let EI„ = C" x 83 be the quotient of the n dimensional 
complex Heisenberg group by 27rZ, with group law 

izi,h){z2, t2) = {Zi + Z2, ht2e-'"'^ ^1-^) 

and with Haar measure m being the Lebesgue measure m — dvdO on C" x 
where dO is the ordinary (normalized) arc length measure on 9D. Let T : 
pp ^ i7(HI„) be the isometry given by 

T/(z,t)=te-tWV(^). 

For / e L^(E[„) and g G L^(EIji) where q is the dual exponent of p, let / * 
be the convolution product defined by 

/ * 9{h) = / f{y)g{hy-') dm{y) 

for h G H„. If G{z,u) = we"?'^'^, then the reproducing property of tells 
us that F * G = F for any F G T{Fp). 

Now, enumerate eZ^" for fixed e as {zj}j. For any fixed integer A^g > 
and any integer < k < N„ let Uk = exp(^). Let U, = [0, e)^'* x {e^^^*^ : 
< ^ < 7^} C HI„ and (for any integer < k < N^) let Gjk be the set 
translated on the right by {zj,Uk), so that Gjk — Ue{zj,Uk)- Clearly we then 
have that: 

{a)Ur,^\J.^,Gjk, 
{b)GjknGj,k'^^ii {j:k)^{f,k'). 

Note that m{Gjk) only depends on e and not on j or k. Thus, if q = 
m{Gjk), then we can define an operator on T{F^) C L*'(]HI„) by 

ReF{z,u) := c,^F{zj,Uk)G{{z,u){zj,Uk)~^). 

By a direct calculation we have that : T{Fp) T[F^) boundedly. In 
particular, if / G F^, then 

R,Tf{z,u) = 4Me-tl^l' ^/(^^.)e"(^-^)-"l^^l' 

i 

= 4«e-tl^l'T.J(^) 
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where = i'([0, e)^'*), v is the ordinary Lebesgue volume measure on C", 
and is the measure 

where is the point-mass measure at a. But since is a Fock-Carleson 
measure, it is clear that : T{Fp) T{Fp) boundedly. Let Xjk be the 
characteristic function of Gjk and define the operator Se : T{F^) — > i7(H„) 

by 

SeF = ^ F{zj, Uk)xjk * G. 

Finally, define the sharp maximal function G\j^ on EI„ by 

Glj^h) = svip\G{u-^h) - G{h)\ 
ueUe 

and define G^^ on EI„ by 

gIjP) = sup\G{hu) - G{h)\. 
ueUe 

Lemma 4.2. Given F e T{Fp), we have that 

\\F - SeF\\LP{mn) < o{e)\\F\\LP(M^) 

where lim o(e) — 0. 

Proof. Since F * G = F for F e T{Fp), Young's convolution inequality gives 
us that 

||F - 5',F||iP(H„) = II (F -J2F{zj,Uk)xjk) * G'||lp(h„) 

j,k 

<\\P-Y1 ^(^J' '"fe)Xj-felU^(H„)l|G||Li(H„)- 
j,k 
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We now estimate F—'^^ ^ F{zj, Uk)xjk pointwise using the reproducing prop- 
erty as follows: 

\F{z,u) -'^F{zj,Uk)xjk{z,u)\ 

3,k 



E 



[G{{z, u)y-') - G{{z„ Uk)y-')]F{y) dm{y) 



Xjk{z,u). 

(4.3) 



Fix any j and k. Since {z, u) G Gj^ for each summand in (4.3), we can write 
{z,u) — {z' ,u'){zj,Uk) where {z',u') e Ue, so that {zj,Uk) — {z' ,u')'~^{z,u). 
Plugging this into (4.3) and recaUing the definition of GIj , we get that 



j,k 



j,k 



< 



[G{{z, u)y-') - G{{z', ur\z, u)y-')]F{y) dm{y) 
Y^il G\jX{z,u)y-')\F{y)\dm{y)]xikM 



Xjk[z,u) 



= \F\*Gliz,u). 

The proof is now completed by another application of Young's convolution 
inequality and the easily checked fact that 



□ 



Now we will state and prove Lemma 4.3. Note that in the language of 
samphng theory, Lemma 4.3 states that the "frame operator" 



on FP associated to the frame {k'^}aeez'^^ for small enough e > is invertible. 
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Lemma 4.3. Let 1 < p < oo and let be the measure 

where 6a is the point-mass measure at a. Then T^^ is invertihle on for 
small enough e > 0. 

Proof. Note that by definition, we have Tj,^/ = c'^T'^R^Tf . Thus, it is 
enough to show that Re : T{Fp) T{F^) is invertible. By Lemma 4.2, this 
will be proved if we can show that 

\\ReF - 5'gF||LP(H„) < o(e)||F||i,p(H„) 
where F e T{Fp) and lim o(e) = 0. 

e-)-0+ 

To that end, we now pointwise estimate {R^F — SeF\ as follows: 
\ReF{z,u) - S,F{z,u)\ 

< XI \ilTT'{Gjk)F{Zj,Uk)G{{z,u){Zj,Uk)''^) 



-F{zj,Uk) I G{{z,u)y-')dm{y))\ 
\n^j. Uk) I I \G{{z, u){z^, Uk)-') - G{{z, u)y-') \ dm{y). 



j,k " "-Jfe 

(4.4) 

However, since y G Gjk we can write y = y'{zj,Uk) for some y' e so that 
{zj,Uk)~^ = y~^y', and plugging this into (4.4) gives us that 

\ReF{z,u)-SeF{z,u)\ 

<Y\F{z„u,)\ I \G{{z,u)y-'y')-G{{z,u)y-')\dm{y) 
j,k -^^jk 

<J2\Fi^j^Uk)\ I \G\jSz,u)y-^)\dm{y) 



j,k '^ik 



Y^\F{zj,Uk)\Xik ) *G\j^ 
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Again, it is easy to see that 



lim \\GI 



C/J|Li(Hn) 







e->0+ 



SO by Young's inequality, we only need to show that 



^|F(^j-,'Ufc)|Xjfe||LP(H„) < C||F||lp(h„) 



which follows easily from Lemma 2.4. 



□ 



For the rest of the paper, u will denote the Fock-Carleson measure 
from Lemma 4.3 where Sq is fixed and small enough so that is invertible. 

5. A uniform algebra A. and its maximal ideal space 

Let A C L°° be the unital C*-algebra of all bounded and uniformly 
continuous functions on C"^. Since C A, it follows from the Theorem 3.7 
that 7^° for 1 < p < oo is the closed algebra generated by Toeplitz operators 
with symbols in A. In this section, we will extend the Berezin transform and 
other related objects defined on C" to M^, where denotes the space of 
non-zero multiplicative functionals on A equipped with the weak* topology. 
Note that A is not separable and hence the space is not metrizable. 
Since ^ is a commutative, unital C*-algebra, the Gelfand-transform A : 
A — >■ C{M_a) defined by a{(p) — ip{a) for a e ^ and cp e gives us an 
isomorphism between A and C{My{). In the following wc will often write 
a(v?) instead of a{(p). For x G C", let 6^ G Af4 be the point evaluation at 
X defined by S^if) = f{x). It is not difficult to see that the map x t-^ 6^ 
induces a dense embedding of C" into M^. 

For w & C", let t^j be the usual translation function Tyj{z) :— z — w. 
More generally, if a; G and w G C", then define Tx G HiugC" -^-^ 
Tx{w){a) := x{a o Tw) where a E A. We will write a o Tx{w) instead of 
Tx{w){a) since naturally extends the translation by elements in C" to a 
"translation" by elements in M_4. Let e > 0, Wi,W2 G C" and a E A, then 
we have 



if \wi — W2\ < S where 5 > is chosen suitably according to the uniformly 
continuity of a. Therefore we have shown that the map : — >■ M4 is 
continuous. Next, prove: 



a o 



Tx{wi) - ao Tx{w2)\ < \\a o - a o T, 




< e 
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Lemma 5.1. 7/(2;^)^ is a net in C" converging to x & M^, then aorzp{w) — >■ 
a o T.j.{w) for all a E A and w & C"' where the convergence is uniform on 
compact subsets o/C". 

Proof. Since a o g ^ for all w G C", it follows by definition of the conver- 
gence — )■ X in that a o r^^ (w) = (a ° Tw) x{a o t^) = ao Tx{w) for 
all a G .A and w G C". Assume that the above convergence is not uniform 
on compact subsets of C". Then there is e > 0, a function a e A, and a 
compact set K e such that for all 7, there is ^ > 7 and ^0 E K with 

\{a o T,^){^fi) - {a o T^){^^)\ >e. (5.1) 

By passing to a subnet, we can assume that ^/j — >■ ^ G Now, we have 

\{aoTz^){i(s) - (aor^)(^^)| < |(aor^^)({^) - (aor,^)(^)| 

+ \iaoT,^) (0 - (a o r,) (0 1 + I (a o r,) (C) - (a o r,) {^f,) \ . 

Since \tzi^{^/3) — T2^(0I = \Ci3 ~ ^\ follows that the first term on the right 
hand side tends to zero. The third term on the right tends to zero by the 
continuity of Tx ■ C" — )■ iV/4, and the second term tends to zero by what was 
said at the beginning of the proof. We obtain a contradiction to (5.1) and 
the lemma is proven. □ 

For w G C", let Ca{w) be the "weighted shifts" defined in Section 3. 
If 1 < p < 00 and A is a fixed bounded operator on F^, then we write 
Aw '■= Co,{w)ACa{—w), which induces a map : C" ^ ^{^a) defined by 
^ a{w) '■— Ayj. Since 

[C^{-w)K^{; 0] {z) = K^{z, e - w)K^{w, Oe-^l"l', 
we have that 

o ^!j,{w) = B^{Aw) = B^{A) o r^. (5.2) 

Let i5 be a metric space and let f : ^ E. Consider the (possibly 
empty) multi-valued function on M4 defined by 

F{xo) :— {A : /(^/j) ^ A : for some net — >■ Xq and G C^} 

where Xq G M_4. We will say that F is "single valued" if for any xq G M4 
and any convergent net — >■ Xq where Zj^ C C", the net {f{zp))p converges 
in E. 
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Lemma 5.2. Assume that F is single valued for all Xq G M4. Then F 
M_4 E is well-defined and continuous. 



Proof. Since C" is dense in A and E (as a metric space) is regular, the result 
follows immediately by our hypotheses and Bourbaki's extension theorem 
(Theorem 1, p. 81 in |5|). □ 

Let Bi{F^) denote the unit ball (in the norm topology) of the space of 
bounded operators on F^. If "SOT" refers to the strong operator topol- 
ogy, then recall that (i?i(FP), SOT) is a complete metric space since F'^ is 
separable. In the next proposition we will fix A G and without loss of 
generality assume that A G Bi{Fp). 

Proposition 5.3. If I < p < 00 and A e , then : C" ^ {Bi{Fp), SOT) 
extends continuously to M_^. 

Proof. Consider the multi-valued function 

^ a{,x) := {A : \E'^(2;^) — )• A for some net — )■ x and 2;^ G C"} 

where x G M4. According to Lemma 5.2 we need to show that a{x) is 
single valued. Since (i?i(F^), SOT) is a complete metric space, it is sufficient 
to show that {\l/yi(z^)}^ is a Cauchy net whenever {z^}^ C is a net 
converging to some x G M_4. 

To that end, let {-27)7 C C" be a net that converges to x G M4. Let 
A G Tp and pick e > 0. Choose R in the (non-closed) algebra generated by 
{TJ : / G A} with ||-R||^p_^pp < 1 such that \\A — R\\pv_^pp < e. Then for all 
f & we have that 



[^Aiz,)-<ilAizp)]f\ 



< 



\Az^ - RzJ\fS:-^FP + \\Rzf, -AzJpP^FP ||/|U,p+ \\[Rz^ - Rzf,]f\\a,p 



+ \\[^R{z^)-<i/R{z^)]f\ 



Therefore, it is sufficient to show that {"^r^z^)}^ is a Cauchy net with re- 
spect to the SOT for all R in the algebra generated by {Tj : / G A} with 
^^Fg < 1- Moreover, by linearity and Proposition 3.6, we can assume 
that R = T^^T^^ ■ ■ -T^ is a finite product of Toeplitz operators with sym- 
bols in ttj G A where ||aj||oo < 1- Since the product of convergent nets in 
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(i?i(F^),SOT) is convergent, is it sufficient to show that {"^t^^z^)}^ for all 
aeA with ||a||oo < 1 has a limit in SOT). Now if C", then 

= B{T:)ot^{z) = B{{T:U){z) 

where we have used standard properties of the heat transform together with 
(5.2) in the last equality. Since the Berezin transform is one-to-one on oper- 
ators, it follows that 

vi/^.(^,) = (ra, = r,"o..,- 

Let f E A and let (/^)/3 C ^ be a net that converges to / uniformly on 
compact subsets of C". Then it is easy to check that Tj? — )■ Tj? in SOT. 
According to Lemma [5TT| we have the uniform compact convergence aor^ — >■ 
a o and therefore \E''ra(z^) = T° — )■ in SOT. □ 

The proof of the following corollary follows precisely from the proof of 
Proposition 5.3, though it will be useful to record it for future use. 

Corollary 5.4. Suppose that 1 < p < oo and S G T^. If x & M^yC" and 
{z^}^ is a net converging to x, then = lim^ 5*^ where the limit is taken in 
the strong operator topology. 



6. Proof of Theorem 1.1 



Finally in this section we will give a proof of Theorem l.L As in |21| . 
the proof will follow easily from quantitative estimates on the essential norm 
II A lie for operators A G T^. We will ffist prove the following simple lemma 
and then state some definitions that are needed for the proof of Theorem 1.1. 

Lemma 6.1. Let A G T^, then (a) and (b) below are equivalent: 

(a) Ba{A){z) -> as |2;| oo. 

(b) A^ = for all x G \ C". 
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Proof. Obviously we may assume that ||74||^p_^j^p < 1- (a) ^ (b): Let 
X G Af4 \ C" and ( net with ^ x. According to Corollary 5.4, 

we have for all fixed ^ e C* that: 

<l|[^^.-^^]^FlL,p^O- (6-1) 
Combining (6.1) with (5.2) tells us that 

Since x e \ C", we can assume that \zj\ — >■ oo and from the condition 
lim|;j|^oo Ba{A)(z) = wc conclude that Ba{A^){0 = for all ^ G C". Since 
Ba is one-to-one on the bounded operators on it follows that = 0. 

(b) =^ (a): Assume that there is a sequence {zk)k C C" such that \zk\ — >■ oo 
and 

|S„(A,J(0)| = \B^{A){-Zk)\ >6>0. (6.2) 

Since M_4 is compact there is a subnet (-2^)7 of (-2^)^ and x G M_4 such that 
z^^ X e Ma- From (6.1) with ^ = and (6.2), we get that \Ba{A^){0)\ > 
6 > 0, which says that A^. as desired. □ 

Now for any bounded operator S on and any r > 0, let 

as(r) limsup sup{||5/|U,, : / G T^,,^^^^^(F^), ||/|U,p < 1}- 

An easy application of Lemma 4.1 tells us that T^^^^ ^ ^^{Fp) C T^^^^ ^ ^^{Fp) 

when ri < r2, which means that as{r) is an increasing function of r. In 
particular, recall from the end of Section 4 that 

for eo fixed so that is invertible. Now if /i G 7"^^^,^^ ^ )i/(-^a) then 
/i(^i;) = J2 ^((7)e"("'-^)-°l'^l' 

(TeeoZ2"nB(z,ri) 
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for some g G F^. For each a G t^l?^ fl B{z^ ri), Lemma 4.1 allows us to pick 
some G where (7cr(o"') = ^o-^o-' for any cr' G eo^^"" H B{z,r2). Thus, if 

9 ■= 9{(y)9o, 

aeeoZ'-^^nB{z,ri) 

then g E FP and clearly /i = T^^^^^ ^jj- Note that since as{r) < \\S\\ for all 
r, we have 

05 := lima5(r) = sup as{r) < \\S\\. 

The proof of Theorem 1.1 will follow easily from Lemma 6.1 and the 
following result, Theorem 6.2. In the statement and proof of this result, 
we will use the symbol " ~ " to indicate that two quantities are equivalent 
with constants only depending on a,eo,p, and n. Moreover, C will denote 
a constant depending only on a,eo,p, and n, and can possibly change from 
line to line. 

Theorem 6.2. Let 2 < p < 00 and let A G 7^". // ||^||e denotes the essential 
norm of A, then \\A\\c is equivalent to the following quantities (with constants 
depending on only a, eo,p, and n) 

ill) (3a ■■= suprf>o limsupi^i^^ WxBi.,4)M\Fl^Ll, 

iiii) -iA ■■= lim^^oo HM^^^^ ^H^p^^p where B{0,rY = C"\S(0,r). 

Moreover, for all 1 < p < 00 , we have that 

\\A\\e ^ sup WAo^Wfs^fK- 

Remark. Note that the proof of Theorem 6.2 is similar to the proofs of The- 



orems 5.2 and 9.3 in j2l|. Thus, we will sometimes only outline arguments 



of the proof and refer the reader to [2l| for the full details. 



Proof. First note that in the last statement of Theorem 6.2, it is enough to 
prove 

~ sup \\A^\\pP^pP 

xeMA\C" 
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if A G for 2 < p < oo, since if 1 < p < 2, g is the dual exponent, and 

\\A\ 



A^T^, then 



ll^lle 




sup 


\\{^*)x\\Fi^Fi 






sup 








sup 


W^xW Fg^Fg 







where we have used the equahty {A*)x = [Ax)* for all x G M_4, which follows 
from the WOT continuity of taking adjoints combined with Corollary 5.4. 

As in 2l|], we will use the notation || ■ ||e and || ■ ||ex to distinguish the 
essential norms of an operator from to itself and an operator from to 
L^. Moreover, if i? is a bounded operator from F^ to itself, then it is easy 
to see that 

||-R||cx < ||-R||c < ||Pa||LP_^LP ||-R||ex 

SO that 1 1 -R 1 1 ex and ||-R||e are equivalent. 

Now pick e > and choose Borel sets Fj C Gj C C" as in Lemma 3.3 
where 

\\AT- -J2^^x.,A'^xaJ\FK^a < e (6.3) 

j 

and write Am = Y.j>m^XF^^T^G^- ^^^"^^ ^xf^^^xg compact for 

any m > 1, (6.3) tells us that 

PT,"-A„||ex<e (6.4) 

for any m > 1. However, by Lemma 3.3, the monotonicity of the function 
r 1-^ ^^(r), and the arguments in |2l|] p. 2209-2210, we have that 

limSUp \\Am\\Fg^Ll ^ ^(^A 
m—^oo 

which combined with (6.4) tells us that 

ll^r^^llex < limSUp \\Am\\FP^LP + ^ < CoiA + 6. 
m—^oo 

But since Lemma 4.3 tells us that T° is invertible, letting e J, in the previous 
inequahty tells us that 

ll^lle < CaA. (6.5) 
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Now again by the arguments in 2l|], p. 2210 - 2211, we have that (3^, 7^, 



and hmsup^^oo ||/lm||FP^LP are equivalent. Moreover (6.5) will give us that 
||y4||e is equivalent to (i), (ii), and (iii) if we can show that < C||^||e- 

If Q is some compact operator from to itself, then it follows from 
Theorem 3.9 that Q G 7^°, and thus it follows easily from Lemma 6.1 that 

= for all x G M^\C". Fix x G M^\C" and let {z^}^ C C" be a net 
converging to x. Since SOT limits (except for a multiplicative constant) do 
not increase the norm. Proposition 5.3 and the SOT convergence Az^ +Qzj 
Ax + Qx = Ax gives us that 

\\Ax\\,,^,,<ClirnAni\\Az^+QzM^,,. 

Since this holds for all x G M4\C" and all compact Q, we easily get that 

sup \\Ax\\fs~,fp < C\\A\\c- (6.6) 

Finally, by (6.5) and (6.6), the proof will be completed if we can show 
that 

aA<C sup \\Ax\\fk^fK- 

xeMA\C" 

To that end, let r > 0. Pick a sequence {zj}j tending to 00 as j — 00 and a 
normalized sequence fj G T^^^^ ^^A^a) such that ||A/j||o,p — OiAij). Thus, 
there are hj G where 



a{w-a)~a\(Ty 



(7GeoZ2"nB(^j,r) 

For each a G cqZ^" fl B{zj,r), let a{j) = a — Zj so that each a{j) G 5(0, r). 
A direction computation now tells us that 

CaiZjYfjiw) = aa(j)Kij)M 
a(j)GB(0,r) 

where Oo-q) = /ij((T)e~^''^'^e*"^™'^'^^ . Let q be the dual exponent of p, so that 
1 < q < 2. Now for each fixed j and fixed cro(j) G 5(0, r), pick g = gj,aoU) 
according to Lemma 4.1 where 



1 if 0" = ctq 
if cr 7^ ctq 



35 



and ||5'j>o(j)l|a,q ^ ^ where C — C{a,eo,p,n,r). Then by the reproducing 
property, we get that 

a{j)eB{0,r) 

which says that each \aa-(j)\ < C for some C = C{a,eo,p,n,r). 

Now pick some M = M(eo, n, r) where M'{j) := card eoZ'^''r)B{zj, r) < M 
and enumerate cqZ^"" H B{zj,r) as (Ti,...,(Tm- Clearly we may choose a 
subsequence of {zj}j such that M'{j) = Mq < M for some Mq G N that is 
independent of j, and so without loss of generality we can assume that 

. . . , aMoU), aa.ij), ■ ■ ■ , a.MoO))}r=i C C('^+^)^°. 

Since the sequence {{(Ti{j), ctmoU), acnU)^ ■ ■ ■ ' "<^MoO))}i^i bounded, we 
can (passing to another subsequence if necessary) assume that this sequence 
converges to a point 

(ai,...,aMo,a.i,...,a.^Jed"+^)^° 

where each |crj| <C = C{a,eo,p,n,r). An easy application of the Lebesgue 
dominated convergence theorem then gives us that 

Mo 

C^izjYfj ^h-.^Y. (6.7) 

i=l 

which says that 

aA{r) = lim ||A/j||a,p = hm \\A_^.Cai-Zj)fj\\a,p 

= lim\\A_,.h\\a,p. (6.8) 

Now since M_4 is compact, we can choose a subnet {—z^} of the sequence 
{—Zj} converging to some x G Mj\\C"', which means that lim^ ||y4_2^/i||Q,_p = 
lim^ II A_2;/i||Q,^p. Combining this with (6.8) and Proposition 5.3 finally gives 
us that 

aA{r) = lim = ||>lx^||a,p < sup 

since (6.7) tells us that ||/i||Q,^p = 1. □ 
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Corollary 6.3. Let 1 < p < oo and AeT^". Then 

^ sup limsup IIA^/lla^p. 

|/||cK.p = l |2:|— ^OO 



Proof. The proof is identical to the proof of Corollary 9.4 in [2l|. □ 



Proof of Theorem 1.1. It has already been proven that A is compact on 
only if A G and it was remarked in the introduction that Ba{A) vanishes 
at infinity if A is compact. Now if B^^A) vanishes at infinity, then Lemma 
6.1 tells us that A^. = for all x G M_4\C". Theorem 6.2 then says that 
= 0, which means that A is compact. □ 



7. The case p = 2 and open problems 



As in [21|, we can significantly improve Theorem 6.2 when p = 2. If 
A G F^, let a{A) be the spectrum of A and let r{A) = max{|A| : A G a{A)}. 
Moreover, let (Te(o") be the essential spectrum of A and let re{A) = max{|A| : 
A G aM)}- 

Theorem 7.1. If AeT^, then 



\A\\c = sup \\A^ 
xeMA\C" 



Moreover, 



sup r{A^)< lim I sup \\A''J'p,_^^, ) = r^{A) 

with equality if A is essentially normal. 
Theorem 7.2. If A & then following are equivalent: 
(t) A ^ aM), 

(ii) A ^ UxGM.\C" ^i^x) and sup \\{S^ - XI)-^\\f2^f2 < oo 

{Hi) there 7 > depending only on A, such that 

\\{Sx - A/)/|U,2 > 7ll/IU,2 and \\{S: - \I)f\U,2 > 7||/IU,2 
for all f eFl andxe M^\C". 
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Theorem 7.3. If A e 7^°, then 



The proofs of these resuhs are identical to the proofs of the corresponding 



results in [2l||, and in particular depend on the well known fact that 



mil II 

fc— >-oo 

whenever A is self adjoint. 



r{A) = lim \\A''\\'^2^p2 = \\A\ 

fc— )-00 ^a—'-^a 



We will close this paper with a discussion of some open problems. By 



using ideas in [ll|, Il8[ , it is very likely that the results in Section 4 hold for 
more general weighted Fock spaces for suitable weight functions : C" — )■ 
]R+, where 

:= {/ entire : /(Oe-^^'^ G LP(C",rfi;)}. 

Thus, it would be interesting to know if our results hold for other weighted 
Fock spaces. 

For the space F^, one should notice that the reproducing kernel and the 
Gaussian weight behave extremely "nicely" together. One should also notice 
that this simple fact was crucial in proving many of the results in Sections 
2 and 3 (and is in fact crucial for proving compactness results for individual 
Toeplitz operators or finite sums of finite products of Toeplitz operators on 
the Fock space, see [il, [l5[.) Unfortunately, such nice behavior between the 
reproducing kernel and more general weights rarely holds, and overcoming 
this would most likely be the most challenging obstacle in extending the 
results of this paper to more general weighted Fock spaces. 

Note that one can easily find examples of functions / e where Ba{f) 
vanishes at infinity but T" is not compact on (see 0, [sj). It would be 
interesting to know if other such examples can be found for F^ when p ^ 2. 
However, it would be far more interesting to know if one could come up with 
similar examples for the Bergman space of the ball, weighted or unweighted 
(where the condition / G is replaced by / G L^{Mn,dv^) in the weighted 
case.) 

Finally, it would be interesting to know whether the results of this paper 
hold for the p = 1 or p = oo case. While some incomplete results are known 



in the Bergman space setting when p = 1 or p = oo (see [l2|, |23|), it appears 



that there are no known results for the Fock space when p = 1 or p = oo. 
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